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Abstract
In this work, we address the question of the influence of magnetic is-
lands on the perpendicular transport due to steady-state ITG turbulence
on the energy transport time scale. We demonstrate that turbulence can
cross the separatrix and enhance the perpendicular transport across mag-
netic islands. As the perpendicular transport in the interior of the island
sets the critical island size needed for growth of neoclassical tearing modes,
this increased transport leads to a critical island size larger than that pre-
dicted from considering collisional conductivities, but smaller than that
using anomalous effective conductivities.
We find that on Bohm time scales, the turbulence is able to re-establish
the temperature gradient across the island for islands widths w . λturb,
the turbulence correlation length. The reduction in the island flattening
is estimated by comparison with simulations retaining only the perpen-
dicular temperature and no turbulence. At intermediate island widths,
comparable to λturb, turbulence is able to maintain finite temperature
gradients across the island.
1 Introduction
Magnetic islands seriously degrade confinement in tokamaks by flattening plasma
pressure profiles. Understanding the interplay between plasma turbulence and
magnetic islands is an important subject of research in magnetized plasmas. In
particular, in the context of the theory of neo-classical tearing modes (NTMs)[1–
4] in tokamaks, it is important to assess the competition between parallel and
perpendicular transport.
In NTMs, the main drive comes from the lack of bootstrap current in the
island region. In the simplest theory, this drive is balanced by a ∆′ term, the
tearing mode stability parameter of linear MHD theory, which is the jump of the
logarithmic derivative of the perturbed flux function ψ˜ across a rational surface.
In the case of NTMs, ∆′ is commonly assumed to be negative, which means
that ordinary tearing modes are stable. The size of the island is determined
by the balance between the two terms. The bootstrap current drive depends
on the degree of pressure flattening in the island region, which in turn depends
on the competition between the pressure-flattening parallel transport, and the
gradient-restoring perpendicular transport.
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If one ignores perpendicular transport, the theory would give an instability
drive inversely proportional to the island width. For sufficiently small island
widths, the bootstrap current drive dominates, so that even when the plasma
is stable to the classical tearing mode, it would be unconditionally unstable to
the NTM.
The role of perpendicular transport is to curtail the bootstrap current drive
so that a critical island width occurs when the effect of parallel and perpendic-
ular transport balance. Below this width, perpendicular transport dominates
and the NTM is stable.
If one deals with transport as a diffusive process, the theory of Fitzpatrick [3]
applies. Accordingly, the critical island width wc for flattening would scale like
wc ∼ (χ⊥/χ‖)1/4 where χ⊥ and χ‖ are, respectively, the perpendicular and the
parallel transport coefficients of the model anisotropic diffusion problem in the
magnetic island geometry.
Within this framework, it would remain to be determined which transport
coefficient would be appropriate, whether collisional or turbulent. The two
choices would give very different estimates for the critical island size.
However, transport at the scale of an island may not be described by a dif-
fusive process. On the one hand, since magnetic islands tend to have vanishing
pressure gradient across their width, the region of plasma inside the separatrix,
being linearly stable, is expected to be turbulence free. On the other hand, tur-
bulence excited in unstable regions may penetrate (“spread”) into nearby stable
regions. A key question is therefore to what extent can turbulence propagate
across the island separatrix and modify the pressure gradient such that the
NTM stability threshold is significantly changed. In particular, can turbulence
alter the critical island width required for the growth of the NTM?
Due to the long time scales needed for magnetic islands to evolve to satura-
tion, current research has mainly focused either on 2D two-fluid simulations on
transport time scales[5–7], or 3D gyro-kinetic/gyro-fluid simulations on much
shorter time scales [8, 9].
In particular the question of the role of spreading has not been explicitly
considered. Addressing this question requires working with a model that has
multiple scales. Turbulence must be micro, with a characteristic correlation
length of a few ion Larmor radii. This occurs when the model is such that
magnetic shear limits the radial size of the turbulent structures as is the case
with 3D ITG. Then the island width must be allowed to change from zero to
values much larger than the correlation length, in order to explore all possible
cases. One must also be able to carry out long simulations reaching overall
statistical steady state to measure the various quantities in an unambiguous way.
This is achieved when the integration is comparable to the energy confinement
time associated with the simulation domain.
In this work, we address this question with direct simulations of a 3D ITG
fluid model that satisfy all the above requirements. The main result is that
the critical island size is indeed determined by the penetration length due to
turbulence spreading. This sets a critical island width which would be larger
than the one predicted by Fitzpatrick’s formula with collisional conductivities
but smaller than the predictions of this same formula with anomalous effective
conductivities.
The outline of this paper is as follows: we describe the slab ITG model in
section 2, the code we used in section 2 and the details of the simulations in
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section 3. In sections 4 and 5 we discuss the results of parameter scans in the
island width and the dependence on the normalised gyro-radius, ρ∗, and finally
discussion and conclusion in section 6.
2 Slab ITG model
We are interested in understanding the influence of islands on turbulence, so
given that the MHD timescales on which the islands grow are much longer than
those of the turbulence, we assume that the island is static throughout the simu-
lation. This work was carried out using a four-field slab electrostatic fluid model
similar to the model in [10], which consists of equations for the normalised den-
sity n, parallel velocity u, and parallel and perpendicular temperatures T‖, T⊥:
∂tn+ [φ, n] + C‖∇‖u = Dn∇2⊥n, (1)
∂tu+ [φ, u] + C‖∇‖{(1 + 1
τ
)φ+ T‖} = Du∇2⊥n, (2)
∂tT‖ + [φ, T‖] +
1
LT
∂yφ+
2
τ
C‖∇‖u = χ‖∇2‖T‖ +DT‖∇2⊥T‖, (3)
∂tT⊥ + [φ, T⊥] +
1
LT
∂yφ = χ‖∇2‖T⊥ +DT⊥∇2⊥T⊥, (4)
where φ is the electrostatic potential, C‖ = aR
1
ρ∗
with a,R the minor and major
radii, τ is the ratio of electron and ion temperatures, Dn,u,T‖,T⊥ are the (artifi-
cial, for numerical reasons) perpendicular diffusion coefficients on the respective
fields, χ‖ is the parallel heat diffusivity, and LT is the equilibrium temperature
gradient length scale. We close eqs. (1) to (4) with quasi-neutrality for φ:
n = φ− ρ2∗∇φ (5)
Note that the usual 〈φ〉 term in eq. (5) has been removed. This is done for two
reasons. On the one hand, in the context of our codes, its implementation would
be somewhat computationally burdensome. It is also known that the absence
of this term leads to weaker zonal flows than would be expected if it were kept.
On the other hand, in the cylindrical model we work with only the slab branch
of the ITG mode is present; this branch is weaker than the toroidal ITG branch.
In the end the two effects somewhat compensate, yielding a level of turbulent
transport in the right range.
Note also that, in our model, the perpendicular temperature is passive; its
evolution being determined by Eq. 4 without feeding back into the other model
equations. This feature of passive scalar can be exploited as a diagnostic for the
simulated dynamics.
3 Simulations
Our simulation tool is FENICIA, a modular code which can simulate the general
class of plasma models:
∂tL · S = I · S + E(S), (6)
where L, I, E are operators on a vector of states S. L and I are time-independent
linear operators, whereas E is a nonlinear operator.
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The main feature of FENICIA is the technique used for the treatment of
the parallel derivative, ∇‖. The Flux Coordinate Independent (FCI)[11, 12]
system is conceptually simple: the parallel derivative is constructed by tracing
the magnetic field lines from one perpendicular slice to the next, and interpo-
lating to find the desired quantity. This frees us from using flux coordinates in
the perpendicular plane, and thus allowing complex magnetic geometry free of
singularities. A more complete discussion of the FCI approach may be found in
[11, 12].
The system is initialised with the same parallel and perpendicular temper-
ature profiles, which are allowed to freely evolve over the course of the simula-
tion. Since Dirichlet boundary conditions are prescribed at both radial edges,
xmin, xmax, the average temperature gradient across the box remains constant.
The forcing is then through a “thermal bath” with R/LT = 5. The remain-
ing profiles are initialised to zero, except for small perturbations in the density
and the self-consistent perturbations in the potential via quasi-neutrality (see
eq. (5)).
The simulation domain is a 3D sheared slab, periodic in the parallel direction
z and the bi-normal direction y, with Dirichlet BCs in the radial direction x.
We use nominally “ITER-like” parameters with an ion gyro-radius ρi =
4mm. Taking the middle of the box to be r = 1m and assuming a minor
radius a = 2m, then ρ∗ = 1/500. The box size is 100ρi × 100ρi in (x, y),
which corresponds to ky ∼ 16. Typically, magnetic islands in ITER are likely to
have a poloidal mode number of 3–5, so our islands here are somewhat shorter.
This would, however, require a larger number of grid-points in the poloidal
direction (∼ 6000), and correspondingly larger computer resources. We use
Nx = Ny = 400 and Nz = 32 grid-points. The shorter poloidal extent of the
island means that the parallel transport will likely be stronger compared to the
perpendicular transport than in a realistic island.
The diffusion coefficients are taken to be proportional to ρ∗, and DT‖ =
DT⊥ = Du = Dn = 2 × 10−4 for ρ∗ = 1/500. χ‖ on the other hand is set to
ρ−1∗ = 500.
The magnetic field is of the form
B = ∇× (ψzˆ) + zˆ (7)
with ψ given by
ψ(x, y) = − 12 (x− x0)2 + bˆx cos(kyy), (8)
where x0 is the location of the rational surface that the island is centred about,
bˆx is the radial magnetic field perturbation which controls the island width, and
ky is the poloidal wavenumber of the island. The island half-width w is given
by (4bˆx)
1/2.
Due to the relative low cost of these simulations, we are able to run them
for 5–6 τB (Bohm times), well into the steady-state phase. The simulation is
started without an island and allowed to evolve until turbulence has developed
and saturated (∼ 2τB), at which point the simulation is stopped. The sim-
ulation is then restarted with an island and run for a further 4 Bohm times.
Assuming gyro-Bohm scaling, the energy confinement time τE ∼ ρ−1∗ a2/χeff
for this simulation box would be ∼ 10− 20τB .
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4 Island width scan
Figure 1 shows the time-averaged temperature gradient profiles along radial
chords through the O-points of islands with half-widths w = 4ρi and 8ρi. The
standard deviations on the mean profiles give an indication of how far turbu-
lence can penetrate inside the island separatrices. In both cases, the turbulence
can penetrate ∼ 4ρi into the island. This is roughly equal to the turbulence
correlation length λturb ' 3.8 in the absence of the island. To measure the
correlation length, we first take the cross-correlation of the potential in the ra-
dial direction and average over the time and the other spatial coordinates. An
exponential of the form A+ (1−A) exp[−(∆x/λturb)2], with A and λturb fitting
parameters, is then fitted to the cross-correlation.
This crossing of the separatrix is also visible in fig. 2, where the turbulence
can be seen to penetrate roughly the same distance into each island. For islands
larger than λturb, turbulence is almost completely eliminated from the island
centre, whilst for islands smaller than λturb, turbulence can still exist at the
O-point.
Figure 1: Temperature gradient profile for two island sizes. The thick lines are
the time-averaged profiles, while the shaded regions are the standard deviations.
To quantify the competition between the parallel and perpendicular trans-
port, we can look at the flattening of the perpendicular temperature profile
inside the island. Use f = |min(dTdr )| as a crude proxy for the ratio of parallel
and perpendicular transport. The larger f is, the more perpendicular transport
plays a role. When f = 0 the temperature profile is completely flattened and
parallel transport dominates. When f = R/LT = 5 there is no flattening and
the parallel transport can be neglected. Figure 3 shows how f decreases with
increasing island width, with and without turbulence.
Simulations without turbulence were also performed. This is done by keeping
only the equation for T⊥ (eq. (4)), dropping the terms containing φ but retaining
the perpendicular diffusion (DT⊥).
We retrieve the picture from [3]: in the small island limit, turbulence doesn’t
see island and so the temperature profile is unaffected by the presence of the
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Figure 2: Snapshots of the electrostatic potential for two different island widths:
left, w = 4ρi; right, w = 8ρi
Figure 3: Profile flattening of the perpendicular temperature in the presence of
turbulence.
island. Conversely, in the large island limit, the island can (almost) completely
expel turbulence and the profile is completely flattened inside the island. How-
ever, we find that for intermediate widths the details of turbulence are impor-
tant for setting the temperature gradient inside island. This is most evident
for islands close to the large island limit, where turbulence can sustain a finite
temperature gradient across the O-point.
The modification of the temperature gradient inside the island due to turbu-
lence has important consequences for the critical seed island width for NTMs.
If turbulence can sustain finite temperature gradients against the parallel trans-
port due to an island, then seed islands will have to be larger than predicted by
modelling the perpendicular transport as diffusive.
Figure 4 shows the volume- and time-averaged heat flux for increasing is-
land width. For large islands, heat flux increases with width. Larger islands
have more of an affect on temperature gradient outside separatrix Island affects
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temperature gradient immediately outside separatrix, increasing turbulent fluc-
tuations. There appears to be a threshold around w = λturb below which the
heat flux varies very little with island width. This is in agreement with [13], de-
spite the different physics models being used, which employs an electromagnetic
gyrokinetic model. There, the threshold also appears at w ∼ λturb ∼ 12ρi.
Figure 4: Volume averaged heat flux
For islands above the threshold, the heat flux takes on an up-down asymmet-
ric pattern in the poloidal plane, as illustrated in fig. 5 which shows a poloidal
cross-section of the heat flux averaged in time and z. The heat flux circulates
around the island and most strongly inside the separatrix.
Figure 5: Time averaged poloidal cross-section of the heat flux for an island
with w = 8ρi
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5 Discussion
Neoclassical tearing modes are a complex phenomenon whose dynamics depends
on several elements. One of them is the degree of pressure flattening in the island
region, which is the focus of our study.
If transport can be assumed diffusive, the formula given by Fitzpatrick pre-
dicts, for the critical island width wc, normalized to the macroscopic scale
length,
wc ∼ (χ⊥/χ‖)1/4 (9)
In the collisional regime, the conductivities scale as χ⊥ ∼ νiρ2i and χ‖ ∼ v2i τi,
where the ion collision frequency νi and time τi have been assumed, as it is
appropriate for the ion physics under study. This collisional estimate gives
wc ∼ (νi/Ωci)1/2 which is small for weakly collisional plasmas.
However, collisional conductivities are not appropriate when the mean-free
path is longer than a macroscopic scale length l. In this case, one can estimate
the parallel conductivity by replacing νi with the transit frequency vi/L which
yields the plateau scaling χ‖ ∼ viL. As for the perpendicular conductivity, one
can do the same, which yields χ⊥ ∼ viρ2i /L, which is the gyro-Bohm scaling
also obtained under the assumption that perpendicular transport is diffusive
and ruled by an effective conductivity of gyro-Bohm type, as often assumed in
transport modeling. Putting this together one gets
wc ∼ ρ∗1/2 (10)
This is larger than our finding from the previous section, where it is shown
that the turbulence spreading mechanism favours a linear dependence on the
correlation length. Since the ITG correlation length is proportional to the ion
gyroradius one concludes that
wc ∼ ρ∗ (11)
One notes that for reactor scale tokamaks such as ITER[14, 15], which are
expected to reach values of ρ∗ as low as 1/500, the difference between the
diffusive scaling (10) and the turbulence spreading scaling (11) is substantial.
6 Conclusion
Magnetic islands are a serious concern in tokamaks, as they flatten plasma
pressure profiles and degrade confinement. One of the major causes of island
formation is the neoclassical tearing mode (NTM), which has been the subject
of recent research. In the context of the theory of NTMs, it is crucial to under-
stand the competition between parallel and perpendicular transport. There is
a critical seed island size, below which the NTMs are stable, which is set by the
perpendicular transport.
In this work, we address the question of the influence of magnetic islands
on the perpendicular transport due to steady-state ITG turbulence. This study
has shown that turbulence can cross the separatrix of the island, and so sustain
a finite temperature gradient across the interior of the island. The resulting
transport therefore changes the critical island width for the onset of NTMs.
8
The critical island width is larger than that predicted from considering col-
lisional conductivities, but smaller than that from using anomalous effective
conductivities.
Turbulence is able to penetrate the island and re-establish the temperature
gradient on Bohm time scales. The saturation of the temperature gradient
profile is on turbulent transport timescales, rather than on collisional ones.
Therefore, one needs to retain turbulence characteristics (e.g. the correlation
length) in transport models, rather than modelling the transport as diffusive.
We find that on Bohm time scales, the turbulence is able to re-establish the
temperature gradient across the island for islands widths w . λturb, the tur-
bulence correlation length. The reduction in the island flattening is estimated
by comparison with simulations retaining only the perpendicular temperature
and no turbulence[3]. At intermediate island widths, comparable to λturb, tur-
bulence is able to maintain finite gradients across the island.
This work also shows more evidence for a heat flux threshold in the island
width[8]. Islands with widths below the turbulence correlation length seem to
have negligible impact on the heat flux. Once they grow larger than ∼ λturb,
the heat flux increases linearly with the island width.
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